

























Unlike its classical counterpart, the ground state of a quantum har-
monic oscillator yields a non-zero value which has led to a significant
problem regarding the cosmological constant. We will show that since
observables, including that of energy, serve as a reference frame for an ob-
server, not only is the harmonic oscillator fluctuating at the ground level,
so is the reference frame of the observer when the measurement is realized.
This may provide an explanation of why vacuum energy calculated from
quantum theory is non-zero, yet is not observed, because the observer is
also at the same ground level of energy.
1 Introduction
Vacuum, unlike its common perception as emptiness, plays an important role
in modern physics. With the development of quantum mechanics, it was soon
discovered that, due to the uncertainty principle, the vacuum in quantum theory
is not empty but exists at a non-zero level of energy. This observation presents
a significant problem in cosmology due to the huge discrepancy between the
calculation of vacuum energy from quantum theory and the measured quantity
from direct observation of the Universe. In this brief note, we examine a simple
harmonic oscillator and argue that the reference frame of the observer is to be
identified with the observable. Subsequently, this indicates that not only does
the ground level of the quantum harmonic oscillator fluctuate with a non-zero
energy, so does the reference frame of the observer. The explanation is provided
that, although the ground energy level is non-zero, the observer may not be
aware of this quantity because the reference frame of the observer also rests on
the same non-zero level of energy in the ground state.
In sections 2 and 3, we use a classical harmonic oscillator and a qubit case to
provide preliminaries to our main argument of a quantum harmonic oscillator
discussed in sect. 4.
∗School of Computational Sciences, Korea Institute for Advanced Study, Seoul 130-722,
Korea; Email:dsong@kias.re.kr
1
2 Classical harmonic oscillator
Before we discuss a quantum harmonic oscillator, let us first consider a classical
case. For a particle in one-dimensional harmonic oscillation, its position is
described as a function of time as follows
x(t) = A cos(ωt+ φ) (1)
Let us now suppose there is an observer and is sitting on another harmonic
oscillator that is also oscillating with the same phase as (1) but with different
amplitude B as follows,
y(t) = B cos(ωt+ φ) (2)
If we assume A and B are non-negative and B ≤ A, then the observer would
observe the position of the particle as follows,
x(t) − y(t) = (A−B) cos(ωt+ φ) (3)





Note that if B is non-zero, then the energy of observer’s oscillation is also non-
zero. However, this value does not contribute to the observed quantity but only
the difference contributes to EObserved as shown in (3) and (4). Also note that
when B = A, the observed energy is zero. For a quantum case, which is to be
discussed later, a similar idea will be shown to be analogous, i.e., the observer’s
reference frame is shown to quantum oscillate such that only the difference is
observed.
3 Qubit case
Before we proceed to a quantum harmonic oscillator, let us consider one more
example which would provide us with a better picture later. A qubit is a two
level quantum system usually written as |ψ〉S = a|0〉 + b|1〉. The subscript
S is to denote the state vector as opposed to an observable. If the qubit is
to be measured in z-direction in Bloch sphere, we can measure the observable
σz = |0〉〈0|−|1〉〈1|. An observable may also be represented as a unit vector and if
the qubit is to be measured in z-direction, then σz is represented with the vector
pointing in z-direction as shown in (A) of Fig. 1. Let us use a notation of |0〉H
which represents the observable σz. If the observer is to measure in z-direction,
another possible observable to be measured is −σz which we will write as |1〉H
(see (B) of Fig. 1). Also note that the vector representing an observable serves
as a coordinate for a given qubit |ψ〉S , that is, it is the reference frame for an
observer. In [1, 2], detailed explanation of the observable serving as observer’s
reference frame is provided. If we consider the case when |ψ〉S = |0〉S , then for
an observer with the reference frame |0〉H , the state would appear as pointing
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Figure 1: The qubits in Bloch sphere representing both state vectors (with
subscript S) and observables (with subscript H) are shown. Just as in qubits,
the observables can have two representations in z-direction, i.e. (A) pointing in
z and (B) pointing in −z directions.
up (i.e., by obtaining +1). However for an observer in the reference frame |1〉H ,
i.e., −σz = −|0〉〈0|+ |1〉〈1|, the state appears as pointing down.
We wish to discuss the following two points from this example: Firstly, note
that the observable is written in terms of state vectors with subscript H and
by insisting that it serves as an observer’s reference frame, we are arguing that
observer’s reference frame is represented with a quantum state. Notice that just
as a qubit has only two possible ways of being in the z-direction, i.e. z (|0〉S)
or −z (|1〉S), the same is true for the observer’s reference frame, that is, either
z (|0〉H) or −z (|1〉H).
Secondly, note that the same state, |0〉S , appears as eigenvalue +1 with the
observable |0〉H and as eigenvalue −1 with |1〉H . Eigenvalue is not something
absolute but relative and changes depending on the observable. That is, the
eigenvalue yields a relative value with respect to the observer’s reference frame.
The vector pointing in z would appear as pointing up for someone standing in
z direction and the same vector yields as pointing down for an observer in −z
reference frame.
These two points outlined above, i.e. the observer’s reference frame has the
same representation as a quantum state and eigenvalues representing the relative
values with respect to the observer’s reference frame, will serve important roles
with our argument regarding a quantum harmonic oscillator.
4 Quantum harmonic oscillator
We now wish to apply the logic developed in the previous section to a quantum
harmonic oscillator (see [3] for a review). We know that the observable for
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energy of a harmonic oscillator is written as






The subscript S is indicate a state vector which is to be distinguished from the
observable to be defined shortly.
As discussed with a qubit, let us write the energy observable in (5) in the
notation of state vectors, i.e. |En〉H . In case of a qubit, similar to state vec-
tors, the observable took two different forms for measurement in z-direction,
i.e. |0〉H for σz and |1〉H for σz . Similarly, for energy observables, we may
write |E0〉H representing the observable
∑
∞




j=0 Ej+1|Ej〉SS〈Ej |, and |E2〉H representing
∑
∞
j=0 Ej+2|Ej〉SS〈Ej | and
so on.
Similar to the qubit case, we wish to make the following two points. Firstly,
note that just as the energy eigenvectors is in one of |En〉S , the observable
for measuring the energy is also in one of |En〉H . In case of the qubit, |0〉H
represented observer’s reference frame pointing up in z direction and |1〉H rep-
resented pointing down in z direction. Similarly, for a harmonic oscillator, an
observer in the state |En〉H implies the observer’s reference frame correspond
to the quantum harmonic oscillator with energy En. Not only does the energy
eigenvector have the lowest possible state as |E0〉 with energy E0 but so is the
observer’s reference frame. This shows that just as the particle is fluctuating
at the ground level, the reference frame of the observer, who is observing the
particle, is also fluctuating with energy E0.
The second point we made with the qubit case was that eigenvalues cor-
respond to relative values with respect to observables. We discussed that the
same qubit appears with eigenvalue +1 for one observable and −1 for the other.
The same logic applies to the energy observable and eigenvalues. The observer
who is in the reference frame of |E0〉H observes the particle in the state |En〉S
with En − E0 = n~ω while an observer in |E1〉H observes the state |En〉S with
En − E1 = (n − 1)~ω and so on. We may go back to the example of classical
oscillator to obtain a similar picture. No matter how large the amplitude A of a
particle be, if the observer is also oscillating at B = A, then the observer would
observe the particle at rest with zero energy.
5 Conclusion
We have shown that not only a particle in harmonic oscillator can be in the
non-zero lowest possible state, but also the observer’s reference frame. This
then leads to the case where the observer gets to observe a relative eigenvalues
and does not observe the non-zero ground level energy since the same energy
correspond to the lowest possible energy the observer’s reference frame may be
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Figure 2: The ground state energy Eo correspond to not only the lowest possible
energy level for a harmonic oscillator but also for an energy observable to be in.
An Observable being the observer’s reference frame, this then leads to the case
where the observer gets to observe the relative difference of energy eigenvalues
and the non-zero vacuum is not observed since the observer is also standing on
the same energy.
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in. This may provide an explanation of why the vacuum energy calculated from
a quantum theory is not observed with a cosmological constant in the universe
since this correspond to the energy associated with the reference frame of the
observer.
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